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Abstract
We propose a new reformulation of Yang-Mills theory in which three- and
four-gluon self-interactions are eliminated at the price of introducing a suffi-
cient number of auxiliary fields. We discuss the validity of this reformulation
in the possible applications such as dynamical gluon mass generation, color
confinement and glueball mass calculation. Moreover, we set up a new 1/Nc
color expansion in the SU(Nc) Yang-Mills theory based on this reformulation.
In fact, we give the Feynman rules of the 1/Nc expansion in the manifestly
Lorentz covariant gauge. The Yang-Mills theory is defined on a non-trivial
vacuum where color–singlet transverse gluon pair condensations take place by
the attractive gluonic self-interactions. This vacuum condensation provides a
common non-vanishing mass for all the gluons with color symmetry being pre-
served. It is shown that the auxiliary fields become dynamical by acquiring the
kinetic term due to quantum corrections. Then the static potential between a
pair of color charges is derived as a combination of the Yukawa-type potential
and the linear potential with non-vanishing string tension. The mass of the
lightest scalar glueball is calculated as the ratio to the gluon mass. The ex-
plicit calculations are performed as a partial resummation of the leading order
diagrams for the small ’t Hooft coupling.
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1 Introduction
The mechanism for providing the gauge boson with the mass in strong interactions
is still under the debate, although fifty years are going to pass since the discovery of
the non-Abelian gauge theory by Yang and Mills [1]. In this paper we argue that the
normal massless vacuum of Yang–Mills theory is unstable, since a group singlet pair
of transverse Yang–Mills gauge boson forms a bound state with a negative energy
eigenvalue (Cooper pair) due to attractive force. Consequently, the stable vacuum
is realized after the condensation of these pairs. The excitation spectrum has a gap
without breaking the global gauge (color) symmetry for any coupling strength and
the gauge bosons acquire a common mass.
In the classical level, Yang-Mills theory is a scale-invariant (actually, conformal
invariant) field theory describing massless gauge bosons. By the gauge principle, the
existence of the mass term is prohibited in the classical Yang-Mills theory. In the
quantum level, on the other hand, one has the possibility of the dynamical mass
generation for the gauge boson as investigated long ago [6, 7, 8, 2, 3, 4, 5].
In the above context, among others, it is important to recall a pioneering work by
Fukuda and Kugo [2] in which they discussed the transverse gluon pair condensation
by using the variational technique for SU(N) Yang–Mills theory already in the late
1970s. They adopted the Coulomb gauge in the Hamiltonian formalism and dealt
with only the transverse modes with no ghost. The basic tools were the Cooper
equation, Bogoliubov transformation and the gap equation. However, the resulting
energy spectrum ∆(p) did not have the relativistically invariant form
√
p2 +m2, since
their analyses are based on the non-covariant formalism. In the second paper [3],
Fukuda attacked the same problem in covariant form by making use of the effective
action or potential and the resulting Schwinger-Dyson (SD) equation. He obtained
qualitatively the same result as the first paper. These works demonstrated that the
vacuum of the massive phase can have the lower energy than the normal vacuum.
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Figure 1: Gluon pair condensation in color singlet and spin singlet channel (center of
mass frame).
If two gauge particles form a bound state, the bound state should be a tachyon
pole, since two gauge particles are massless. The existence of the tachyon bound
state was also discussed by solving the Bethe-Salpeter (BS) equation in the ladder
approximation [4, 5] where the Landau gauge λ = 0 is a preferred choice. From the
1
viewpoint of the dynamical symmetry breaking, the existence of Goldstone pole as a
consequence of the condensation phenomena was discussed by several works [6, 7, 8]
in the framework of SD and BS equations.
However, it should be remarked that the solutions of the SD and BS equations
strongly depend on the choice of gauge fixing parameter λ. In fact, the result is
strongly gauge dependent; for λ > −1 the tachyon pole which is group singlet and
spin singlet exists, whereas such a pole does not exist for λ < −1. It is notorious that
the systematic improvement is rather difficult in the SD and BS approach.
In this paper, we discuss the problem based on a manifestly Lorentz covariant
formulation. Therefore, we can obtain the manifestly relativistic result. Quite re-
cently, it was shown [12] that the transverse gluon pair condensation can be replaced
by the on-shell BRST invariant vacuum condensate of mass dimension 2 which was
proposed by the author [10,11]. In this paper, we show that the 1/Nc expansion can
be set up to yield the condensation phenomena in the systematic way. The 1/Nc
expansion is a non-perturbative method which is systematically improvable, in con-
trast to solving the approximate gap equation by adopting the ad hoc approximation.
In our approach, the existence of the pair condensation is also a gauge independent
phenomena in the sense; if it occurs at a certain gauge at all, it should occur in all
the other gauges.
The 1/N expansion was extensively used in the past works. The well-known exam-
ples are among others the O(N) symmetric four-fermion model (e.g., two-dimensional
Gross-Neveu model) and the non-linear σ model [13]. It is also remarkable that
the three-dimensional four-fermion model become renormalizable in the 1/Nf expan-
sion [14], although it is non-renormalizable in weak-coupling perturbation expansion.
The four-dimensional Yang-Mills theory in the 1/Nc expansion might be related to
the string theory [15]. See e.g., [16] for reviews of large N expansion.
It should be noted that the 1/Nc expansion given in this paper is quite different
from the conventional one for the Yang-Mills theory [15, 16]. In this paper we adopt
the Lorentz covariant gauge. The Maximal Abelian (MA) gauge will be treated in a
separate paper [17].
This paper is organized as follows. In section 2, we rewrite the original Yang-Mills
action which includes the cubic and quartic gluon self-interactions to an equivalent
theory without gluon self-interaction by introducing sufficient number of auxiliary
fields. Consequently, the gluon field can be integrated out exactly. In section 3, we
set up a new 1/Nc expansion of the SU(Nc) Yang-Mills theory on a non-trivial vacuum
where the vacuum condensation of mass dimension two takes place. We give Feynman
rules of the relevant 1/Nc expansion. The low-energy and high-energy behavior of the
auxiliary field propagators are studied. As a by-product, the mass of the lightest
glueball is given. In section 4, we obtain the effective potential of the theory and
estimate the effective gluon mass by making use of the lattice data. In section 5, we
calculate the static potential between a pair of color charges to the leading order of
the 1/Nc expansion. We show that the static potential is composed of the Yukawa-
type potential and the linear potential with the non-vanishing string tension which is
proportional to the vacuum condensate of mass dimension 2. In section 6, we discuss
the string representation of the Yang-Mills theory within the scheme of the 1/Nc
expansion. The final section is devoted to conclusion and discussion. Some of the
technical materials are given in the Appendices A and B.
2
2 Reformulation based on the auxiliary field method
2.1 Yang-Mills action
The Euclidean version of the Yang-Mills Lagrangian is given by
LYM =
1
4
(Fµν)2 = 1
4
(∂µAν − ∂νAµ + gAµ ×Aν)2,
=+
1
4
(∂µAν − ∂νAµ)2
+
1
2
g(∂µAν − ∂νAµ) · (A µ ×A ν)
+
1
4
g2(Aµ ×Aν) · (A µ ×A ν), (2.1)
where FAµν is the non-Abelian field strength defined by FAµν = ∂µAAν − ∂νAAµ +
gfABCABµACν with A,B,C = 1, · · · , dim(G) for the gauge group G. In what fol-
lows, we use a notation F 2 := F · F , (F · G) := FAGA = 2tr(FG), (F × G)A :=
fABCFBGC = −2itr(TA[F,G]) with the normalization for the generators TA of the
Lie algebra G of the gauge group G: tr(TATB) = 1
2
δAB. Then the generating func-
tional is given by the functional integral:
Z[J ] :=
∫
DA Aµ DBADC ADC¯ A exp
{
−
∫
d4x[L totYM +L
J ]
}
, (2.2)
where we have included the source term L J = Aµ · Jµ + B · JB + Jc · C + Jc¯ · C¯ .
Here the total Lagrangian of the Yang-Mills theory L totYM = LYM +LGF+FP, is given
by adding the gauge fixing (GF) and Faddeev-Popov (FP) ghost term LGF+FP to the
pure Yang-Mills term LYM where BA is the Nakanishi-Lautrup field, and C A and
C¯ A are the FP ghost and antighost fields.
First, we introduce the second-rank antisymmetric tensor field Bµν as the Hodge
dual of the distorted field strength according to [18, 19, 20]
Bµν ↔ ∗[ρ(∂µAν − ∂νAµ) + σg(Aµ ×Aν)], (2.3)
where ρ and σ are two parameters to be determined later and the Hodge star (duality)
operation ∗ for the second-rank tensor is defined by ∗Hµν :=
1
2
ǫµνρσH
ρσ. For this
purpose, we insert an identity into the functional integral (2.2):
1 =
∫
DBAµν exp
[
−
∫
d4x
1
4
{
BAµν − i∗[ρ(∂µAν − ∂νAµ)A + σg(Aµ ×Aν)A]
}2]
. (2.4)
Then the Lagrangian is modified as
LYM =
1
4
Bµν · Bµν − i
2
Bµν · ∗[ρ(∂µAν − ∂νAµ) + σg(Aµ ×Aν)]
+
1− ρ2
4
(∂µAν − ∂νAµ)2
+
1− ρσ
2
g(∂µAν − ∂νAµ) · (A µ ×A ν)
+
1− σ2
4
g2(Aµ ×Aν) · (A µ ×A ν). (2.5)
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For any values of the two parameters ρ and σ, the Lagrangian (2.5) is equivalent to
the original Lagrangian (2.1). Note that Bµν is the auxiliary field without its kinetic
term.
Next, we rewrite the last term in (2.5) which is quartic in the gluon field Aµ. For
SU(Nc), the quartic term has another expression
1
(Aµ ×Aν) · (A µ ×A ν) = 2
Nc
[(Aµ ·A µ)(Aν ·A ν)− (Aµ ·Aν)(A µ ·A ν)]
+ (Aµ ⋆A
µ) · (Aν ⋆A ν)− (Aµ ⋆Aν) · (A µ ⋆A ν), (2.7)
where we have defined a new product (F ⋆G)A := dABCFBGC = 2tr(TA{F,G}) with
completely symmetric tensor dABC for Nc ≥ 3. For SU(2), we do not need to consider
the last two terms in (2.7), since dABC = 0 for SU(2), and hence the quartic term is
greatly simplified [21]:
(Aµ ×Aν) · (A µ ×A ν) =(Aµ ·A µ)(Aν ·A ν)− (Aµ ·Aν)(A µ ·A ν). (2.8)
For later convenience, the identity (2.7) is rewritten into
(Aµ ×Aν) · (A µ ×A ν) = 3
2Nc
(Aµ ·A µ)(Aν ·A ν)− 2
Nc
SµνS
µν
+
3
4
(Aµ ⋆A
µ)2 − Tµν · T µν , (2.9)
by introducing the traceless symmetric tensors Sµν = Sνµ and T
A
µν = T
A
νµ defined by
Sµν :=(Aµ ·Aν)− 1
4
δµν(Aρ ·A ρ), Sµµ = 0, (2.10)
TAµν :=(Aµ ⋆Aν)
A − 1
4
δµν(Aρ ⋆A
ρ)A, TAµ
µ = 0. (2.11)
Moreover, we introduce the auxiliary scalar field φ and the auxiliary symmetric
tensor fields Gµν for SU(2) and also ϕ
A and V Aµν for SU(Nc) (Nc ≥ 3). For example,
the auxiliary field φ is introduced by inserting one more identity into (2.2)
1 =
∫
Dφ exp
{
−
∫
d4x
σφ
2
(
φ+
1
2
Aµ ·A µ
)2}
, (2.12a)
where σφ is an arbitrary parameter at this stage. Other auxiliary fields Gµν , ϕ
A and
V Aµν are introduced in the similar way.
1 =
∫
DGµν exp
{
−
∫
d4x
σG
2
(
Gµν +
1
2
Sµν
)2}
, (2.12b)
1 =
∫
DϕA exp
{
−
∫
d4x
σϕ
2
(
ϕA +
1
2
(Aµ ⋆A
µ)A
)2}
, (2.12c)
1 =
∫
DV Aµν exp
{
−
∫
d4x
σV
2
(
V Aµν +
1
2
TAµν
)2}
. (2.12d)
1We have used an identity for the structure constant (see [22] for a derivation):
fABEfCDE =
2
Nc
(δACδBD − δADδBC) + dACEdBDE − dBCEdADE . (2.6)
For the generator TA of the Lie algebra G of the gauge group G, [TA, TB] = ifABCTC and
{TA, TB} = 1N δAB + dABCTC.
4
Then the quartic interaction in (2.5) is replaced as follows.
1− σ2
4
g2(Aµ ×Aν) · (A µ ×A ν)
→ σφ
2
φ2 +
σφ
2
φ(Aµ ·A µ) + σφ + 3(1− σ
2)g2/Nc
8
(Aµ ·A µ)2
+
σG
2
GµνG
µν +
σG
2
GµνS
µν +
σG − 4(1− σ2)g2/Nc
8
SµνS
µν
+
σϕ
2
ϕ · ϕ+ σϕ
2
ϕ · (Aµ ⋆A µ) + σϕ + (3/2)(1− σ
2)g2
8
(Aµ ⋆A
µ)2
+
σV
2
Vµν · V µν + σV
2
Vµν · T µν + σV − 2(1− σ
2)g2
8
Tµν · T µν . (2.13)
2.2 Lorentz gauge fixing and FP ghost
We adopt the generalized Lorentz gauge or Curci-Ferrari (CF) gauge [29, 30, 31, 32].
The gauge fixing (GF) and the Faddeev-Popov (FP) ghost term is given by
LGF+FP = δBδ¯B
(
1
2
Aµ ·Aµ + α
′
2
C · C¯
)
− α
2
B ·B (2.14)
= δB
(
∂µC¯ ·Aµ + α
′
2
C¯ ·B − 1
4
α′gC¯ · (C¯ × C )
)
− α
2
B ·B. (2.15)
The conventional Lorentz covariant gauge corresponds to α′ = 0. Performing the
BRST transformation (Euclidean version),
δBAµ(x) = Dµ[A ]C (x) := ∂µC (x) + g(Aµ(x)× C (x)), (2.16a)
δBC (x) = −1
2
g(C (x)× C (x)), (2.16b)
δBC¯ (x) = −B(x), (2.16c)
δBB(x) = 0, (2.16d)
and anti-BRST transformation (Euclidean version),
δ¯BAµ(x) = Dµ[A ]C¯ (x) := ∂µC¯ (x) + g(Aµ(x)× C¯ (x)), (2.17a)
δ¯BC¯ (x) = −1
2
g(C¯ (x)× C¯ (x)), (2.17b)
δ¯BC (x) = −B¯(x), (2.17c)
δ¯BB¯(x) = 0, (2.17d)
where B¯(x) = −B(x) + g(C (x)× C¯ (x)), we obtain
LGF+FP = − α + α
′
2
B ·B +B · ∂µAµ + α
′
2
g(C × C¯ ) ·B
+ C¯ · ∂µDµ[A ]C + α
′
8
g2(C¯ × C¯ ) · (C × C ) (2.18)
= − α + α
′
2
B ·B +B · ∂µAµ + α
′
2
g(C × C¯ ) ·B
+ C¯ · ∂µDµ[A ]C − α
′
4
g2(C × C¯ ) · (C × C¯ ). (2.19)
5
The GF+FP term is further rewritten as
SGF+FP =
∫
d4x
{
1
2λ
(∂µAµ)
2 + (1− ξ)C¯ · ∂µDµ[A ]C + ξC¯ ·Dµ[A ]∂µC
− 1
2
λξ(1− ξ)g2(C × C¯ ) · (C × C¯ )
− λ
2
(
B − λ−1∂µAµ − ξg(C × C¯ )
)2 }
, (2.20a)
or
SGF+FP =
∫
d4x
{
1
2λ
(∂µAµ)
2 + C¯ · ∂µ∂µC + (1− ξ)gAµ · (∂µC¯ × C )
− ξgAµ · (C¯ × ∂µC )− 1
2
λξ(1− ξ)g2(C × C¯ ) · (C × C¯ )
− λ
2
(
B − λ−1∂µAµ − ξg(C × C¯ )
)2 }
, (2.20b)
where we have defined the two parameters
λ := α + α′, ξ :=
α′/2
α+ α′
=
α′
2λ
. (2.20c)
In this form, it is easy to eliminate the Nakanishi-Lautrup field B.
For the Landau gauge λ = 0, the ghost self-interaction disappears. In the gauges
other than the Landau λ 6= 0, we treat the four ghost interaction in the similar way
to the four gluon interaction:
(C¯ × C ) · (C¯ × C ) = 2
Nc
(C¯ · C )2 + (C¯ ⋆ C ) · (C¯ ⋆ C ), (2.21)
where we have used a fact that C · C = 0 = C¯ · C¯ and C ⋆ C = 0 = C¯ ⋆ C¯ due
to Grassmannian property. By introducing the auxiliary fields φFP and ϕ
A
FP through
the identities:
1 =
∫
DφFP exp
{
−
∫
d4x
σFP
2
(
φFP + C¯ · C
)2}
, (2.22a)
1 =
∫
DϕAFP exp
{
−
∫
d4x
σ′FP
2
(
ϕFP + C¯ ⋆ C
)2}
, (2.22b)
the four ghost interaction term is cast into the form:
− 1
2
λξ(1− ξ)g2(C¯ × C ) · (C¯ × C ) + σFP
2
(
φFP + C¯ · C
)2
+
σ′FP
2
(
ϕFP + C¯ ⋆ C
)2
=
σFP
2
φ2FP +
σ′FP
2
ϕFP · ϕFP + σFPφFP C¯ · C + σ′FPϕFP · (C¯ ⋆ C )
+
1
2
[
σFP − λξ(1− ξ)g2 2
Nc
]
(C¯ · C )2 + 1
2
[
σ′FP − λξ(1− ξ)g2
]
(C¯ ⋆ C ) · (C¯ ⋆ C ).
(2.23)
6
The auxiliary fields must be introduced such that the BRST symmetry is main-
tained. For this purpose, the simplest choice of the BRST transformation for the
auxiliary fields is given as
δBφ =− δB
(
1
2
Aµ ·A µ
)
(2.24a)
δBBµν =− δB (∗[ρ(∂µAν − ∂νAµ) + σg(Aµ ×Aν)]) , (2.24b)
δBGµν =− δB
(
1
2
Sµν
)
, (2.24c)
δBϕ =− δB
(
1
2
Aµ ⋆A
µ
)
, (2.24d)
δBVµν =− δB
(
1
2
Tµν
)
, (2.24e)
δBφFP =− δB
(
C¯ · C
)
, (2.24f)
δBϕFP =− δB
(
C¯ ⋆ C
)
. (2.24g)
The original measure dµ(Φ) := DAµDCDC¯DB is known to be BRST invariant [33].
Therefore the additional measure dµ(Ψ) := DBµνDφDGµνDϕDVµνDφFPDϕFP of the
auxiliary fields is also BRST invariant, since it is easy to show that the Jacobian of
the BRST transformation associated to the total measure dµ(Φ)dµ(Ψ) is equal to
one. In particular, we find
δBφ(x) = −Aµ(x) · ∂µC (x) = ∂µAµ(x) · C (x)− ∂µ[Aµ(x) · C (x)]. (2.25)
In the Landau gauge ∂µAµ(x) = 0, therefore, the BRST transformation of φ(x) is
reduced to the total derivative and the spacetime average of φ(x) is BRST invariant,
i.e., δB
∫
d4xφ(x) = 0.
2.3 Total Yang-Mills action
A purpose of this paper is to obtain an equivalent theory which does not involve the
gluon fields Aµ by integrating them out. The GF+FP term in the Lorentz gauge
LGF+FP (2.20b) includes the linear and quadratic terms in the gluon field.
The pure Yang-Mills Lagrangian is further rewritten as follows. For this purpose,
we adjust the parameters to eliminate the cubic and quartic interaction terms in the
field Aµ. The cubic interaction term in (2.5) is eliminated by choosing
ρ = σ−1. (2.26)
Moreover, by choosing the parameters as
σφ =
3(σ2 − 1)g2
Nc
, σG =
4(1− σ2)g2
Nc
, σϕ = (3/2)(σ
2 − 1)g2, σV = 2(1− σ2)g2,
(2.27)
the quartic gluon interaction terms in (2.13) are also eliminated. Then σ is only one
undetermined parameter at this stage and it must be larger than one, i.e., σ2 > 1, to
realize the condensation as shown later.
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Due to the analysis [2, 3, 39], the triple gluon interaction provides the attractive
force, whereas the quartic gluon interaction can give the repulsive force among the
gluons. Therefore, for the gluon pair condensation to occur, the attractive force
coming from three-point vertex dominates the repulsive force from four-point vertex
to yield the net attractive interaction between a pair of gluons.
In our treatment, the original triple gluon vertex is completely eliminated by
introducing the antisymmetric tensor Bµν and choosing ρ = σ
−1. Therefore, the net
attractive interaction is reflected in the relation σ2 > 1. In fact, if this is not the case,
i.e., repulsive interaction 1 − σ2 > 0, the gluon pair condensation does not occur as
will be shown later.
Therefore, the pure Yang-Mills Lagrangian LYM (2.5) becomes at most quadratic
in the gluon field and reduces to 2
LYM =
1− ρ2
4
(∂µAν − ∂νAµ)2 + 1
4
Bµν · Bµν
− i
2
Bµν · ∗[ρ(∂µAν − ∂νAµ) + σg(Aµ ×Aν)]
+
σφ
2
φ2 +
σφ
2
φ(Aµ ·A µ) + σG
2
GµνG
µν +
σG
2
GµνS
µν
+
σϕ
2
ϕ · ϕ+ σϕ
2
ϕ · (Aµ ⋆A µ) + σV
2
Vµν · V µν + σV
2
Vµν · T µν . (2.29)
Moreover, the GF+FP term is reduced to
LGF+FP =
1
2λ
(∂µAµ)
2 + C¯ · ∂µ∂µC + (1− ξ)gAµ · (∂µC¯ × C )
− ξgAµ · (C¯ × ∂µC )− 1
2
λξ(1− ξ)g2(C × C¯ ) · (C × C¯ )
+
σFP
2
φ2FP +
σ′FP
2
ϕFP · ϕFP + σFPφFP C¯ · C + σ′FPϕFP · (C¯ ⋆ C ).
(2.30)
Here the four-ghost interaction terms in the GF+FP term are eliminated by choosing
σFP = λξ(1− ξ)g2, σ′FP = λξ(1− ξ)g2. (2.31)
Finally, we obtain the total Lagrangin which is at most quadratic in the gluon field
Aµ:
L totYM =
1
4
Bµν · Bµν + σφ
2
φ2 +
σG
2
GµνG
µν +
σϕ
2
ϕ · ϕ+ σV
2
Vµν · V µν
+
σFP
2
φ2FP +
σ′FP
2
ϕFP · ϕFP
+ C¯ · ∂µ∂µC + σFPφFP C¯ · C + σ′FPϕFP · (C¯ ⋆ C )
+
1
2
A Aµ K
ABµνA Bν +Aµ ·J µ, (2.32a)
2If we want to leave two independent parameters ρ and σ, we have only to add
+
1− ρσ
2
g(∂µAν − ∂νAµ) · (A µ ×A ν). (2.28)
Therefore, we can choose an interesting option ρ = σ, i.e., Bµν is the Hodge dual of Fµν , although
the cubic gluon interaction term remains in this case.
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where we have defined K ABµν and J
A
µ by
K ABµν :=δ
AB
[
−(1 − ρ2)(∂2δµν − ∂µ∂ν)− λ−1∂µ∂ν
]
− igσfABC∗BCµν + σφδABδµνφ+ σϕdABCδµνϕC
+ σGδ
AB
(
Gµν − 1
4
δµνGρ
ρ
)
+ σV d
ABC
(
V Cµν −
1
4
δµνV
C
ρ
ρ
)
, (2.32b)
J Aµ :=J
A
µ − iρ∂ν∗BAµν + (1− ξ)g(∂µC¯ × C )A − ξg(C¯ × ∂µC )A. (2.32c)
Here JAµ is the source for the gluon field A
A
µ . Note that K
AB
µν is at most linear
in the auxiliary field and J Aµ contains the bilinear term in the ghost and antighost
fields. The source term for the auxiliary field will be introduced later to avoid the
complication.
Thus, we can integrate out the gluon field Aµ exactly:
SEYM =
∫
d4x
{
+
1
4
Bµν · Bµν + σφ
2
φ2 +
σG
2
GµνG
µν +
σϕ
2
ϕ · ϕ+ σV
2
Vµν · V µν
+
σFP
2
φ2FP +
σ′FP
2
ϕFP · ϕFP
+ C¯ · ∂µ∂µC + σFPφFP C¯ · C + σ′FPϕFP · (C¯ ⋆ C )
− 1
2
J Aµ [K
ABµν ]−1J Bν
}
+
1
2
lnDet[K ABµν ]. (2.33)
When λ = 0, σF = 0 = σ
′
FP and the ghost self-interaction term disappears. Therefore,
we do not need to introduce φFP and ϕ
A
FP in (2.33) which decouple from the theory.
Integrating out the gluon field A Aµ and FP ghost fields C
A, C¯ A, we can obtain the
effective theory written in terms of five kinds of auxiliary fields BAµν , φ, ϕ
A, Gµν , V
A
µν .
The λ 6= 0 case will be considered later.
Some remarks are in order.
1. The resulting theory has one undetermined parameter σ. In the classical
level, any value of σ reproduces the original Yang-Mills theory, as is trivial from
the above construction. However, in the quantum level, this is not the case. The
renormalization urges the parameter σ to run according to the renormalization scale,
as will be discussed in Appendix A.
2. For a special choice σ2 = 1, we have ρ2 = σ2 = 1 and hence the coefficients
vanish σΦ = 0, which implies that all the auxiliary fields φ,Gµν , ϕ, Vµν except for
Bµν decouple from the theory. Therefore, this case reproduces the field strength
formulation [34] of the Yang-Mills theory, which was also called the deformation of
the topological BF theory [35, 36] with the Lagrangian:
LBF =
1
4
Bµν · Bµν − i
2
Bµν · ∗Fµν . (2.34)
(The signature of ρ and σ can be absorbed by the redefinition of the fields Aµ and
Bµν .) When σ
2 6= 1, therefore, we have the scalar field φ, ϕ and the symmetric tensor
fields Gµν , Vµν in addition to the antisymmetric tensor field Bµν .
3. It is in principle possible to introduce the auxiliary field φT corresponding to
the square 1
2
(A iphys)
2 of the transverse gluon modes A iphys (i.e., ∂iA
i
phys(x) = 0) as
1 =
∫
DφT exp
{
−
∫
d4x
σφ
2
(
φT +
1
2
(A iphys)
2
)2}
, (2.35)
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where A iphys is both BRST invariant, δBA
i
phys(x) = 0, and gauge invariant, δωA
i
phys(x) =
0. Then the auxiliary field φT introduced in this way becomes BRST invariant,
δBφT (x) = 0, and gauge invariant, δωφT (x) = 0. For example, such a transverse
mode is written as
A iphys(x) =
(
δij − ∂i 1
∆
∂j
)
Φj(x), Φj = Φj(0) + gΦ
j
(1) + g
2Φj(2) + · · · , (2.36)
where Φj(n) can be determined order by order of the coupling constant g. The first
two terms are Φj(0) = A
j and Φj(1) = [v(1),A
j] + 1
2
[∂jv(1), v(1)] where v(1) :=
1
∆
∂jA j,
see section 5 and Appendix A of [37] for more details. Needless to say, the transverse
mode (2.36) reduces in the Abelian limit to the well-known expression:
AT (x) =
(
1−∇ 1
∆
∇·
)
A(x) = A(x0,x) + ∂xi
∫
d3y
1
4π|x− y|∂
y
jA
j(x0,y). (2.37)
However, in this case, the gluon self-interaction can not be eliminated, since A iphys is
a non-local and furthermore non-linear quantity written in terms of Aµ in the non-
Abelian gauge theory. (Even the all order expression of (2.36) is not yet known.)
Therefore, the strategy adopted in this paper is difficult to be applied to this case
which is more transparent from the physical point of view.
2.4 Another reformulation
We can introduce another antisymmetric tensor field BAµν
′ by
BAµν → BAµν ′ := BAµν − iρ∗(∂µAν − ∂νAµ)A, (2.38)
which is equivalent to the identification as an auxiliary field:
Bµν
′ ↔ σg∗(Aµ ×Aν). (2.39)
Then the Lagrangian is modified as
LYM =
1
4
Bµν
′ · Bµν ′ − i
2
Bµν ′ · ∗[σg(Aµ ×Aν)]
+
1
4
(∂µAν − ∂νAµ)2
+
1
2
g(∂µAν − ∂νAµ) · (A µ ×A ν)
+
1− σ2
4
g2(Aµ ×Aν) · (A µ ×A ν). (2.40)
By this redefinition of the antisymmetric tensor field, the original cross term − i
2
Bµν ·
ρ∗(∂µAν − ∂νAµ) has disappeared. The price is that the three-gluon interactions re-
main in this case. The four-gluon interactions can be eliminated by applying the same
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procedure as that given above. Thus we obtain the modified Yang-Mills Lagrangian3
LYM =
1
4
(∂µAν − ∂νAµ)2 + 1
4
Bµν
′ · Bµν ′ − i
2
Bµν ′ · ∗[σg(Aµ ×Aν)]
+
1
2
g(∂µAν − ∂νAµ) · (A µ ×A ν)
+
σφ
2
φ2 +
σφ
2
φ(Aµ ·A µ) + σG
2
GµνG
µν +
σG
2
GµνS
µν
+
σϕ
2
ϕ · ϕ+ σϕ
2
ϕ · (Aµ ⋆A µ) + σV
2
Vµν · V µν + σV
2
Vµν · T µν . (2.41)
In order to treat the ρ = σ case, anyway, the three-gluon interaction can not be elimi-
nated. The absence of the four-gluon interactions eliminates the two-loop diagrams in
the Schwinger-Dyson equation for the full gluon propagator. Although we must deal
simultaneously with a number of auxiliary field propagators and the cross propagator
between the gluon and the antisymmetric tensor field, all the diagrams are of the one-
loop type and there is no ambiguity encountered in treating the two-loop diagrams.
If we set σ = 0, furthermore, the antisymmetric tensor field Bµν
′ decouples from the
theory. Thus this reformulation helps to simplify the Schwinger-Dyson equation for
the full gluon propagator, since the absence of cross propagator reduces the number
of propagators to be investigated. The details will be given elsewhere [38].
3 Setting up the 1/Nc expansion
In the previous section, we have rewritten the Yang-Mills theory into an equivalent
form given by (2.32). We set up the 1/Nc expansion for this theory as follows. For
this theory, the graphical representation of the Feynman rules are given in Fig. 2.
Here the propagators and the vertices are easily read off from the total Lagrangian
(2.32). Note that there is a cross-propagator between Aµ and Bαβ for ρ 6= 0, i.e.,
except for the another formulation.
From the viewpoint of the 1/Nc expansion, the field Gµν behave as φ˜ from the
identity
δABδAB = N2c − 1. (3.1)
Other fields ϕA, V Aµν behave as B
A
µν in the large Nc, since the identity holds
dACDdBCD = δAB(N2c − 4)/Nc, (3.2)
which is similar for large Nc to the relationship
fACDfBCD = δABNc. (3.3)
This is also the case for φFP and ϕ
A
FP and for C
A and C¯ A. Therefore, the leading
contributions in the condensed vacuum φ0 6= 0 come from the interaction of A Aµ with
BAµν , ϕ
A, V Aµν ,C
A, C¯ A in the Landau gauge λ = 0 and also from φFP and ϕAFP in the
non-Landau gauge λ 6= 0.
3This Lagrangian is obtained from (2.29) by setting ρ = 0 and adding the three-gluon interaction
term. Therefore, the modified total Lagrangian is also obtained from (2.32) by the same procedure.
Note that setting ρ = 0 is equivalent to eliminating the cross propagator between Aµ and Bαβ in
the diagrams.
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Figure 2: Feynman rules of the 1/Nc expansion with the ’t Hooft coupling gˆ
2.
(a) Propagators for the gluon A Aµ (wavy line), two set of auxiliary fields B
A
µν , ϕ
A, V Aµν
(zigzag line) and and φ˜, Gµν (broken line), and FP ghost, antighost C A, C¯ A, the aux-
iliary fields φFP , ϕFP (solid line) (b) Vertices for two gluons A Aµ and one auxiliary
fields from a set BAµν , ϕ
A, V Aµν or a set φ˜, Gµν , and vertices for ghost-antighost and one
gluon field or auxiliary fields φFP , ϕFP . There are no four-point interaction vertices.
In the following, we attempt to sum the leading order diagrams in the 1/Nc ex-
pansion. We have rewritten the original Yang-Mills theory into an equivalent theory
with the generating functional:
Z[J ] :=
∫
DφDBAµνDGµνDϕADV AµνDCADC¯ A[DφFPDϕAFP ] exp {−SE} , (3.4)
where the source terms are included for the original fields and those for the auxiliary
fields are omitted here (but they will be introduced later).
First, for simplicity, we consider only a sector containing φ and A Aµ . The gener-
ating functional is given by
Z[J ] :=
∫
Dφ exp {−SE [φ; J ]} , (3.5)
SE [φ; J ] :=
∫
x
N2c
6(σ2 − 1)gˆ2φ(x)
2 +
N2c − 1
2
tr ln[K µν ]
+
∫
x
−1
2
JAµ [K
µν ]−1JAν , (3.6)
where the gluon field A Aµ has been integrated out and its contribution is replaced by
the source term JAµ , and we have introduced the notation
∫
x :=
∫
d4x and
K µν [φ](x) := −(1− ρ2)(∂2δµν − ∂µ∂ν)− λ−1∂µ∂ν + δµνφ. (3.7)
Here we have made the replacement
g2 → gˆ2/Nc (3.8)
with the ’t Hooft coupling gˆ2 being fixed, and we have redefined the auxiliary field
φ→ φ/σφ, which corresponds to the identification:
φ(x)↔ −σφ 1
2
A Aµ (x)A
A
µ (x) = −3(σ2 − 1)
gˆ2
N2c
tr[Aµ(x)Aµ(x)]. (3.9)
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The field φ is a single component color singlet field, whereas each gluon field Aµ :=
A Aµ T
A is an adjoint field with N2c − 1 components. The normalization factor in (3.9)
provides the natural normalization, since the field φ(x) produces a color singlet state
tr[Aµ(x)Aµ(x)] with unit amplitude. Note that the first two terms in SE[φ; J ] are
proportional to N2c for large Nc. The effective action SE [φ; J ] has no hidden factors
of Nc in this sector. Thus the overall factor of Nc does imply that the large Nc limit
is the same as the semiclassical limit of an effective theory of color singlet field φ
(glueball) at least in this sector.
For the current theory to be meaningful in the limit Nc → ∞, therefore, the
expansion around Nc =∞ in the integral of (3.5) can be performed by means of the
steepest descent method (or saddle point method). The stationary point φ0(x) of
φ(x) is obtained from the saddle-point equation:
1
3(σ2 − 1)gˆ2φ0(x) +
1
2
tr(K −1µµ [φ0(x)]) = 0. (3.10)
This is nothing but the gap equation. The regularized form is given in the next section
under the dimensional regularization. This equation has two branches, the trivial
branch φ = 0 and the nontrivial branch φ 6= 0 for arbitrary values of parameters.
The nontrivial solution of (3.10) agrees with the stationary point φ0 away from the
origin of the effective potential. It turns out that the nontrivial solution is preferred,
since it lowers the energy of the system, as shown in the next section. If the vacuum
is translation invariant, the stationary value φ0(x) does not depend on x.
Note that (A Aµ )
2 is not a gauge invariant quantity. Nevertheless, it is possible to
extract the gauge-invariant part from (A Aµ )
2 which is written as the sum of a gauge-
invariant part and a non-invariant part, which implies the decomposition φ(x) =
φinv(x) + φnon(x) is possible [17] where φinv is the gauge invariant part and φnon is
the gauge non-invariant, but BRST exact part. Then the vacuum expectation value
(VEV) of the gauge non-invariant part vanishes 〈φnon(x)〉 = 0, and consequently only
the VEV of the gauge invariant part gives a non-vanishing value 〈φ(x)〉 = 〈φinv(x)〉 6=
0, which is identified with φ0 [17].
Substituting φ(x) = φ0 +
1
Nc
φ˜(x) into the action SE , and expanding the action
around the stationary point φ0 in powers of φ˜(x), we obtain (up to field-independent
constants)
S ′E =Nc
∫
x
{
1
3(σ2 − 1)gˆ2φ0 +
1
2
tr(K −1µµ [φ0])
}
φ˜(x)
+
∫
x
1
2
{
1
3(σ2 − 1)gˆ2 −
1
2
tr(K −1µρ [φ0]K
−1
ρµ [φ0])
}
φ˜2(x)
+
∫
x
−1
2
JAµ [K
µν [φ0]]
−1JAν +O(1/Nc). (3.11)
The first term of (3.11) shows that the saddle-point equation (3.10) is equivalent to
requiring cancellation of the tadpole term. See Fig. 3 for the graphical representation.
The connected n-point correlation function is obtained by differentiating n times
the generating function W [J ] := lnZ[J ] with respect to the source. For example, the
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Figure 3: Elimination of the tadpole contribution. The broken line denotes the
auxiliary field φ˜ and the wavy line the gluon field A Aµ .
gluon propagator is obtained from
〈A Aµ (x)A Bν (y)〉conn =
δ
δJAµ (x)
δ
δJBν (y)
lnZ[J ]. (3.12)
In the 1/Nc expansion, the gluon propagator DABµν (k
2) in momentum space is read off
from the source term in (3.6) as
DABµν (k
2) := δABK −1µν [k;φ0]
= δAB
{
1
(1− ρ2)k2 + φ0P
T
µν(k) +
λ˜
(1− ρ2)k2 + λ˜φ0
PLµν(k)
}
, (3.13)
where we have introduced the rescaled gauge parameter λ˜ := (1−ρ2)λ, the transverse
projection P Tµν(p) := δµν − pµpν/p2 and the longitudinal one PLµν(p) := pµpν/p2. This
result shows that the gluon acquires the dynamical mass given by
M2 :=
φ0
1− ρ2 . (3.14)
It is important to remark that in the first term in the right-hand side (RHS)
of (3.11) or (3.10), there exists the logarithmic divergence coming from the second
term 1
2
tr(K −1µµ [φ0]), which can be absorbed into the renormalization of the first term
1
3(σ2−1)gˆ2
. The same divergence appears in the second term 1
2
tr(K −1µρ [φ0]K
−1
ρµ [φ0])
in the RHS of (3.11). Therefore, σ should be regarded as the renormalized one σR
in what follows. See Appendix A for explicit verification of this fact based on the
dimensional regularization in the modified minimal subtraction scheme (MS).4
4The quadratic divergence Λ2φ˜ appearing in the term 1
2
tr[K −1µµ [φ0]]φ˜ with the ultraviolet mo-
mentum cutoff Λ can be removed by introducing the counterterm of the form, Cφ˜ (the same form as
the source term Jφφ˜ for φ˜). In the dimensional regularization, such quadratic divergence is hidden
and does not appear. For this purpose, we can introduce the auxiliary field φ in (2.12a) by replacing
φ with φ+C for the translation invariant measure Dφ. Then we have additional terms, 1
2
CA 2µ +Cφ
which is equal to 1
2
CA 2µ + Cφ˜ apart form an irrelevant constant Cφ0. The redundant term
1
2
CA 2µ
here is removed by introducing the counterterm of Curci-Ferrari type, − 1
2
CA 2µ , (in the Landau
gauge λ = 0) in the bare Lagrangian. In other words, removing the quadratic divergence Λ2φ˜ is
equivalent to introducing the counterterm 1
2
Λ2A 2µ . It should be remarked that the non-zero gluon
mass is generated from the term 1
2
φ0A 2µ by further removing the logarithmic divergence, irrespective
of the quadratic divergence.
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The connected correlation function 〈φ(x);φ(y)〉conn shows the factorization
〈φ(x);φ(y)〉conn := 〈φ(x)φ(y)〉 − 〈φ(x)〉〈φ(y)〉 = 1
N2c
〈φ˜(x)φ˜(y)〉. (3.15)
The auxiliary field propagator Dφ˜φ˜(k
2) is read off from the second integrand of (3.11)
based on the formula (3.12) after introducing the source term Jφφ˜:
Dφ˜φ˜(k
2) =
{
1
3(σ2 − 1)gˆ2 −
1
2
∫
d4p
(2π)4
K −1µν [p;φ0]K
−1
νµ [p + k;φ0]
}−1
. (3.16)
Thus the auxiliary field propagator Dφ˜φ˜(k
2) has the well-defined UV behavior due
to the cancellation of the UV divergence between two terms. It turns out that the
propagator Dφ˜φ˜(k
2) corresponds to the summation of the infinite geometric series of
the massive gluon-loop chain, see Fig. 4.
+ +
Figure 4: The propagator (3.16) of the auxiliary field φ˜ as the summation of the
infinite geometric series of the massive gluon-loop chain.
In the small momentum k2 region, the propagator for λ˜ = 0 or 1 is calculated in
the form:
Dφ˜φ˜(k
2) =
192π2(3 + λ˜)−1(1− ρ2)2M2
k2 + 6M2
, (3.17)
by using the gap equation (3.10) and the result of Appendix A. The connected cor-
relation function 〈φ(x);φ(y)〉conn decays exponentially for large |x − y|, since the
right-hand-side of (3.15) is equal to the Fourier transform of (3.17). Here it should
be understood that the contributions from the gauge non-invariant part vanish in the
final expression. In this way, we can obtain the mass of the lightest scalar glueball
0++. The ratio of the glueball mass 0++ to the gluon mass is given by
M(0++)/M =
√
6 ∼= 2.45, (3.18)
in the leading order. This ratio is gauge independent, i.e., independent of the gauge
fixing parameter λ and it does not depend on the parameter σ. This value is similar
to the prediction of the potential model of Cornwall and Soni [39,40]: M(0++)/M ∼=
2.3. If one adopts the gluon mass M = 600 ∼ 700MeV as suggested from the
numerical simulation on a lattice [41], this ratio reproduces the expected value of the
glueball mass [42] M(0++) = 1.5 ∼ 1.7 GeV. Heavier gluon mass around 1 GeV
is also suggested, see phenomenological analyses [43], lattice simulation [44] and the
analytical study [45].
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Next, we include the antisymmetric tensor field BAµν and consider a sector consist-
ing of φ, BAµν and A
A
µ . The generating functional is given by
Z[J ] :=
∫
DφDBAµν exp {−SE} ,
SE :=
∫
x
1
4
Bµν(x) · Bµν(x) +
∫
x
N2c
6(σ2 − 1)gˆ2
(
φ0 +
1
Nc
φ˜(x)
)2
+
∫
x
−1
2
J Aµ [K
AB
µν ]
−1J Bν +
1
2
ln det[K ABµν ], (3.19)
where
K ABµν :=Kµν [φ0]δ
AB +
1
Nc
δABδµν φ˜− i gˆ√
Nc
σfABC∗BCµν ,
J Aµ :=J
A
µ − iρ∂ν∗BAµν . (3.20)
The action has the 1/Nc expansion around φ0 (up to field-independent constants):
S ′E =Nc
∫
x
[
1
3(σ2 − 1)gˆ2φ0 +
1
2
tr(K −1µµ [φ0])
]
φ˜
+
∫
x
1
2
[
1
3(σ2 − 1)gˆ2 −
1
2
tr
(
K −1µρ [φ0]K
−1
ρµ [φ0]
)]
φ˜2
+
∫
x
{[
1
4
Iµν,αβ − 1
4
gˆ2σ2tr
(
Iµν,ρ1σ1K
−1
σ1σ2 [φ0]Iσ2ρ2,αβK
−1
ρ2ρ1 [φ0]
) ]
∗Bµν · ∗Bαβ
+
1
2
ρ2∂λ
∗BµλAK −1µν [φ0]δ
AB∂τ
∗BντB
}
+
∫
x
−1
2
JAµ [K
µν [φ0]]
−1JAν +O(1/Nc), (3.21)
where we have defined Iµν,αβ :=
1
2
(δµαδνβ − δµβδνα), and we have used the identities:
δABδAB = N2c − 1 and fACDfBCD = NcδAB. In (3.21), a contribution coming from
the term J Aµ is simplified as
1
2
ρ2∂λ
∗BµλAK −1µν [φ0]δ
AB∂τ
∗BντB =
1
2
ρ2
−(1 − ρ2)∂2 + φ0 (∂ν
∗BµνA)2, (3.22)
where the gauge-parameter dependent part in K −1µν [φ0] disappears due to the anti-
symmetric property of Bµν . Therefore, the kinetic term for Bµν is generated and the
auxiliary field becomes dynamical in the leading order of 1/Nc expansion irrespective
of the magnitude of the ’t Hooft coupling gˆ, as far as φ0 6= 0.5
In the action, the terms with more than three auxiliary fields are suppressed in
1/Nc. Hence the leading contribution is exhausted by a few terms. However, such
simplicity is apprarent and is immediately lost, as soon as we proceed to obtain the
propagator. In fact, the auxiliary tensor field propagator DABBµν ,Bαβ(k
2) in the leading
5This phenomenon has already been claimed to occur in [25, 26] based on the perturbation ex-
pansion in the coupling constant to a certain order. Therefore, it was unreliable to extend the result
to the infrared region where the coupling constant becomes quite large.
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order consists of all the planar diagrams with two external lines corresponding to Bµν
and Bαβ (see Fig. 5) where the bare propagator is given by
6
D (0)ABBµν ,Bαβ(k
2) :=
{
1
2
Iµν,αβδ
AB +
ρ2
2(1− ρ2)
k2
k2 +M2
Iµν,αβδ
AB
}−1
, (3.24)
and the vertex is read off from the action (3.19) and (3.20). Such planar diagrams
are obtained from the gluon one-loop diagram with a number of external fields B
by contracting the external lines two by two. In each step, a factor N is increased
without increasing the order of g. All the diagrams in Fig. 5 are the same order in
the 1/Nc expansion as can be seen by making use of the double line representation.
The similar remark is also applied to the propagator of the auxiliary field φ˜. The
inverse propagator of the auxiliary field φ˜ in the leading order is the sum of the similar
diagrams to Fig. 5 where two external B lines are replaced by the φ˜. This is because
the graphs with internal φ˜-lines give higher oder contributions in 1/Nc.
+ +
+
+ ++
+ ...
+ +
Figure 5: Planar diagrams in the leading order for the inverse propagator of the
auxiliary tensor field Bµν where the zig-zag line denotes the Bµν field and the wavy
line the gluon field.
Thus, it is still impossible to sum up all the planar diagrams in question to have
the closed form for the propagator in the leading of the 1/Nc expansion. Here we
obtain the auxiliary tensor field propagator, the inverse of which is truncated up to
O(gˆ2) as above
DABBµν ,Bαβ(k
2) :=
{
1
2
Iµν,αβδ
AB +
ρ2
2(1− ρ2)
k2
k2 +M2
Iµν,αβδ
AB +ΠABµν,αβ(k)
}−1
, (3.25)
6We have used the integration by parts∫
x
(∂ν
∗BµνA)2 =
∫
x
1
4
(ǫµνρσ∂νB
A
ρσ)
2
=
∫
x
1
2
(−BAµν∂2BAµν −BAµν∂ν∂λBAλµ +BAνµ∂µ∂λBAλν). (3.23)
For simplicity, we have imposed the gauge-fixing condition ∂λBλν = 0, although this is not an
indispensable condition, see e.g., [26] for more details.
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where ΠABµν,αβ(k) is the vacuum polarization tensor in the lowest order given by
ΠABµν,αβ(k) :=δ
AB 1
2
gˆ2σ2
∫ d4p
(2π)4
Iµν,ρ1σ1K
−1
σ1σ2 [p;φ0]Iαβ,ρ2σ2K
−1
ρ2ρ1 [p+ k;φ0]. (3.26)
The explicit form of the vacuum polarization tensor ΠABµν,αβ(k) is given based on MS
in Appendix B. The obtained propagator corresponds to the summation of the in-
finite geometric series of the massive gluon-loop chain, see Fig. 6 for the graphical
representation. This propagator obtained by the partial resummation of the lead-
ing order graphs is called the truncated propagator hearafter. It is possible to resum
the diagrams based on the Schwinger-Dyson equation approach which will be given
elsewhere [38].
+ ++
Figure 6: The propagator (3.25) of the auxiliary tensor field Bµν as the summation
of the infinite geometric series of the massive gluon-loop chain. Here the sum of the
first two propagators denotes the propagator (3.24).
In the small momentum k2 region, the vacuum polarization tensor for Bµν reads
7
ΠABµν,αβ(k) =− δAB
gˆ2
16π2
σ2
(1− ρ2)2 Iµν,αβ

− 1 + λ
2
1
ǫ¯
+ f0 + f1
k2
M2
+ f2
k4
M4


+O
(
k6
M6
)
, (3.27)
where f0 =
1
2
ln M
2
µ2
− 1
4
, f1 =
11
180
, f2 =
4
105
for the Landau gauge λ = 0 and
f0 = ln
M2
µ2
, f1 =
19
120
, f2 =
29
1680
for the Feynman gauge λ = 1. Thus, the truncated
propagator DABBµν ,Bαβ(k
2) of the auxiliary field Bµν has the IR asymptotic behavior
DABBµν ,Bαβ(k
2) = δABIµν,αβ
[
1
2(σ2 − 1) −
gˆ2
16π2
σ2
(1− ρ2)2f1
]−1
M2
m2 + k2 +O(k4)
,
(3.28)
where
m2 :=M2
[
1
2(σ2 − 1) −
gˆ2
16π2
σ2
(1− ρ2)2f1
]−1 [
1
2
− gˆ
2
16π2
σ2
(1− ρ2)2f0
]
. (3.29)
7The divergent term is absorbed into the renormalization of the tensor field Bµν through the
renormalization constant ZB defined by Bµν = Z
1/2
B B
R
µν , just as in the case of Maximal Abelian
gauge [20, 10].
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In the large momentum k2 region, on the other hand, the truncated propagator
reads
DABBµν ,Bαβ(k
2) = δABIµν,αβ16π
2(1− ρ2)2σ−2

 k
2
M2
(
1
6
ln
k2
M2
− 5
18
)
+O(ln k2)


−1
.
(3.30)
If such a high energy behavior as (3.30) is preserved after the inclusion of all the
planar diagrams, our theory of gluons with non-vanishing effective mass is expected
to be renormalizable order by order in the 1/Nc expansion. This is in sharp contrast
to the naive massive Yang-Mills theory which is known to be nonrenormalizable in
weak-coupling perturbation theory. More arguments on this point will be given in a
subsequent paper.
Other fields can be treated in the similar way. In fact, after an appropriate
rescaling of other auxiliary fields as φ, the total action reads
SEYM =
∫
x
{
1
4
Bµν · Bµν +
σ−1φ
2
φ2 +
σ−1G
2
GµνG
µν
+
1
2
ϕ · ϕ+ 1
2
Vµν · V µν + 1
2
φ2FP +
1
2
ϕFP · ϕFP
+ C¯ · ∂µ∂µC +√σFPφFP C¯ · C +
√
σ′FPϕFP · (C¯ ⋆ C )
− 1
2
J Aµ [K
AB
µν ]
−1J Bν
}
+
1
2
lnDet[K ABµν ], (3.31)
where
K ABµν :=Kµν [φ0]δ
AB − i gˆ√
Nc
σfABC∗BCµν +N
−1
c δ
ABδµν φ˜+
√
σϕd
ABCδµνϕ
C
+ δAB
(
Gµν − 1
4
δµνGρ
ρ
)
+
√
σV d
ABC
(
V Cµν −
1
4
δµνV
C
ρ
ρ
)
,
J Aµ :=J
A
µ − iρ∂ν∗BµνA + (1− ξ)
gˆ√
Nc
(∂µC¯ × C )A − ξ gˆ√
Nc
(C¯ × ∂µC )A. (3.32)
4 Estimate of gluon mass and vacuum condensate
Now, we examine based on the effective potential whether the vacuum condensate
of mass dimension two is realized or not. All the auxiliary fields BAµν , φ, ϕ
A, Gµν ,
V Aµν have the canonical mass dimension 2. Therefore, various vacuum condensates
can contribute to lower the energy of the system. However, if the color rotation
invariance and Lorentz rotation invariance are required, we find 〈BAµν〉 = 〈ϕA〉 =
〈Gµν〉 = 〈V Aµν〉 = 0. Only a possibility examined in this paper is 〈φ〉 6= 0. This
vacuum condensate corresponds to 〈(A Aµ )2〉 6= 0 which breaks neither color symmetry
nor Lorentz symmetry. In what follows, we treat the vacuum condensate of mass
dimension 2 alone.8
8This does not exclude the dimension four condensate of the type: 〈BAµνBAµν〉, 〈ϕAϕA〉, 〈GµνGµν〉,
〈V AµνV Aµν〉 6= 0.
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The minimum value of the effective potential should not depend on the gauge
fixing parameter. Therefore, we calculate only the λ = 0 case. In this case, the
BRST-invariant composite operator reduces to A 2µ .
The effective potential is obtained from9
V =
σφ
2
φ2 +
1
2
ln det[−(1− ρ2)δAB(∂2δµν − ∂µ∂ν)− δAB 1
λ
∂µ∂ν + δ
ABδµνσφφ]. (4.1)
The scalar part of the effective potential is obtained by resumming the gluon one-loop
contribution as
V (φ) =
σφ
2
φ2 +
N2c − 1
2
∫
d4p
(2π)4
ln det
[
(1− ρ2)(p2δµν − pµpν) + 1
λ
pµpν + δµνσφφ
]
=
σφ
2
φ2 +
N2c − 1
2
∫
d4p
(2π)4
ln
{[
(1− ρ2)p2 + σφφ
]3 [
p2 + λσφφ
]
/λ
}
. (4.2)
At λ = 0 (up to φ-independent constant), we obtain
V (φ) =
σφ
2
φ2 +
3(N2c − 1)
2
∫
d4p
(2π)4
ln

1 +
σφ
1−ρ2
φ
p2


=
σφ
2
φ2 +
3(N2c − 1)
64π2
(
σφ
1− ρ2φ
)2
ln
σφ
1−ρ2
φ
4πµ2
, (4.3)
where V (0) = 0. The first derivative reads
V ′(φ) =φ

σφ + 3(N2c − 1)
64π2
(
σφ
1− ρ2
)2
+
3(N2c − 1)
32π2
(
σφ
1− ρ2
)2
ln
σφ
1−ρ2
φ
4πµ2

 . (4.4)
The stationary condition V ′(φ) = 0 has two solutions, φ = 0 or φ = φ0 6= 0. See
Fig. 7. Thus the absolute minimum of the potential is given at φ = φ0
φ0σφ/(1− ρ2) =4πµ2 exp
{
−32π
2 (1− ρ2)2
3(N2c − 1)σφ
− 1
2
}
=4πµ2 exp
{
− N
2
c
(N2c − 1)
(σ2 − 1)
σ4
32π2
9gˆ2
− 1
2
}
. (4.5)
Note that the right-hand-side has a finite value in the limit Nc → ∞. It turns out
that σ2 must be larger than one, σ2 > 1. This result can be compared with the
perturbative calculation of the effective potential to the three-loop order [46].
Now we estimate the order of the gluon mass by combining the above results with
the lattice data. Using the beta function at one-loop level in the relationship of the
trace anomaly
〈0|Tµµ|0〉 =β(αs)
4αs
〈0|(FAµν)2|0〉 =
πβ(αs)
4α2s
〈0|αs
π
(FAµν)
2|0〉
∼=− 11Nc − 2Nf
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〈0|αs
π
(FAµν)
2|0〉, (4.6)
9We use the same letters to denote the field obtained after the Legendre transformation.
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Figure 7: The effective potential for the auxiliary field φ.
and the values of the gluon condensation of mass dimension 4 calculated on a lat-
tice [47]
〈0|αs
π
(FAµν)
2|0〉 = 0.152(GeV)4(Nc = 2), 0.144(GeV)4(Nc = 3) (4.7)
we obtain
〈0|Tµµ|0〉 = −0.1392(GeV)4(Nc = 2), −0.1980(GeV)4(Nc = 3) (4.8)
where we have put the flavor number Nf = 0.
The effective potential just obtained has the minimum at φ = φ0:
V (φ0) = −3(N
2
c − 1)
128π2
(
σφφ0
1− ρ2
)2
= −3(N
2
c − 1)
128π2
m4A < 0. (4.9)
Supposing all the contribution to the vacuum energy comes only from the condensate
φ0, i.e.,
V (φ0) ∼= 1
4
〈0|Tµµ|0〉 = −0.0495(GeV)4(for Nc = 3), (4.10)
we obtain the rough estimate of the effective gluon mass
mA =
√
σφφ0/(1− σ−2) = 1.27 GeV. (4.11)
This value does not depend on the specific choice of the parameters ρ and σ. The
estimated value of the effective gluon mass is larger than the result: mA = 0.6 GeV
of numerical simulation on a lattice [41]. The vacuum condensate of mass dimension
2 is given by
|〈g2A 2µ 〉| =2g2φ0 = 2g2
1− ρ2
σφ
m2A =
Nc
2σ2
m2A . (4.12)
21
5 Static potential
We introduce the source Jµν of Bµν by modifying the identity (2.4) into
1 =
∫
DBµν exp
[
−
∫
d4x
1
4
{Bµν − i∗[ρ(∂µAν − ∂νAµ) + σg(Aµ ×Aν)] + Jµν}2
]
.
(5.1)
This leads to the source term
1
2
BµνJ
µν − i
2
∗Jµνρ(∂µAν − ∂νAµ) + 1
4
(Jµν)
2, (5.2)
and the modification of K ABµν into K
AB
µν → K ABµν − iσgfABC∗JµνC .
In the similar way, we can introduce the source Jφ, JGµν , J
ϕA, JV Aµν for the auxil-
iary field φ,Gµν , ϕ
A, V Aµν . Then the source term is further modified by adding
1
2
Jφφ+
1
4
JφAµ ·A µ + 1
2σφ
(Jφ)2
+
1
2
Jϕ · ϕ+ 1
4
Jϕ ·Aµ ⋆A µ + 1
2σϕ
(Jϕ)2
+
1
2
JGµνG
µν +
1
4
JGµνS
µν +
1
2σG
(JGµν)
2
+
1
2
JVµν · V µν +
1
4
JVµν · T µν +
1
2σV
(JVµν)
2. (5.3)
Thus, the introduction of the source terms for the auxiliary fields is equivalent to the
replacement
K ABµν →K ABµν − iσgfABC∗JµνC +
1
2
δµνδ
ABJφ +
1
2
δµνd
ABCJϕC
+
1
2
δAB
(
JGµν −
1
4
δµνJ
Gρ
ρ
)
+
1
2
dABC
(
JGC µν −
1
4
δµνJ
G
C
ρ
ρ
)
, (5.4)
and the addition of the terms
(5.2) +
1
2
Jφφ+
1
2
Jϕ · ϕ+ 1
2
JGµνG
µν +
1
2
JVµν · V µν
+
1
2σφ
(Jφ)2 +
1
2σϕ
(Jϕ)2 +
1
2σG
(JGµν)
2 +
1
2σV
(JVµν)
2. (5.5)
The linear term in the gluon field Aµ appears only in the source term (5.2) of Bµν
which is recast into the form∫
d4x
1
2
Bµν · Jµν −
∫
d4xAµ · Jµ, Jµ = −iρ∂ν∗Jµν . (5.6)
which cancels the original source term
∫
d4xAµ · Jµ for Aµ. The current Jµ defined
by (5.6) satisfies the conservation law
∂µJµ = 0. (5.7)
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due to antisymmetry of the tensor current, Jµν = −Jνµ. With the conservation law
(5.7), the Jµν can be solved in terms of Jµ:
Jµν =
1
iρ
1
n · ∂
∗(nµJν − nνJµ), (5.8)
where nµ is a constant vector corresponding to a set of integration constants. There-
fore, we can calculate the generating functional for the source Jµ for the original gluon
field Aµ by making instead use of the antisymmetric tensor current source Jµν cou-
pled to the antisymmetric tensor field Bµν via the relationship between two currents
(5.8).
The integration over the field Bµν is performed as follows.∫
DBµν exp
{
−
∫
d4x
[
1
2
∗BµνA(DABBµν ,Bαβ)
−1∗BαβB +
1
2
∗BAµν
∗JµνA
]}
= exp
{
−
∫
d4x
−1
8
JµνADABBµν ,BαβJ
αβB
}
= exp
{
−
∫
d4x
1
8ρ2
DB,B
2n2
(n · ∂)2J
A
µ
(
δµν − n
µnν
n2
)
JAν
}
= exp
{
−
∫
d4k
(2π)4
−1
4ρ2
DB,B(k)
n2
(n · k)2J
A
µ (k)
(
δµν − n
µnν
n2
)
JAν (−k)
}
, (5.9)
where DABBµν ,Bαβ = DB,Bδ
ABIµν,αβ.
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Figure 8: Two equivalent descriptions for calculating the static potential. (a) Jµ
coupled to Aµ, (b) Jµν coupled to Bµν .
We consider a pair of opposite color charges QA and −QA located at x = a
and x = b, respectively. In this case, the conserved current is given by JAµ (x) =
QAδµ0[δ
3(x− a)− δ3(x− b)]. Using the Fourier transform
JAµ (k) = Q
Aδµ02πδ(k
0)(e−ik·a− e−ik·b), (5.10)
we obtain∫
d4x
−1
8
JµνA(x)DABBµν ,BαβJ
αβB(x)
=
1
4ρ2
QAQA
∫
dt
∫
d3k
(2π)3
DB,B(0,k)
1
(n · k)2 (1− e
ik·r)(1− e−ik·r), (5.11)
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where r := a− b is the relative vector between a pair of charges, and we have chosen
nµ = (0,n) with a unit vector n: |n| = 1. Therefore the static potential is calculated
from the formula:
VL(r) =
σ2
2
QAQA
∫
d3k
(2π)3
DB,B(0,k)
1
(n · k)2 (1− e
−ik·r), (5.12)
where we have used DB,B(0,−k) = DB,B(0,k).
Substituting for DB,B(0,k) the k
0 = 0 limit of the IR propagator (3.28):
DB,B(k
2) =
[
1
2(σ2 − 1) −
gˆ2
16π2
σ2
(1− σ−2)2f1
]−1
M2
{
m2 + k2 +O(k4)
}−1
,
m2 :=M2
[
1
2(σ2 − 1) −
gˆ2
16π2
σ2
(1− σ−2)2f1
]−1 [
1
2
− gˆ
2
16π2
σ2
(1− σ−2)2f0
]
,
M2 :=φ0/(1− σ−2), (5.13)
into the above equation (5.12), we obtain the linear static potential as a function of
r := |r| for r ≫ 110
VL(r) = σstr, (5.14)
where the string tension σst (with an enhance factor) is given by
σst =σ
2
[
1
(σ2 − 1) −
gˆ2
8π2
σ2
(1− σ−2)2 f1
]−1
QAQA
8π
M2 ln
(
1 +
Λ2
m2
)
=σ4
[
1− gˆ
2
8π2
σ6
(σ2 − 1)f1
]−1
QAQA
8π
φ0 ln
(
1 +
Λ2
m2
)
, (5.15)
with Λ being the ultraviolet cutoff.11 In the classical limit σ ↓ 1, the string ten-
sion vanishes σst ↓ 0. The string tension is essentially proportional to the vacuum
condensate φ0. Thus, the non-vanishing string tension is generated from quantum
effects.
This string tension has the very similar form to that obtained by making use of
Abelian projection assuming the Abelian dominance [48,49] up to a numerical factor,
as expected from the type-II dual superconductor.12 The constant vector nµ was
10The vector n is chosen to be parallel to r by the axial symmetry of the system in question and
the minimum energy condition. The method of calculations in what follows is the same as those
of [48, 49]. See there references for the details of calculations.
11This UV divergence originates from the fact that the VEV φ0(x) = 〈φ(x)〉 is a x-independent
constant. In other words, the world sheet of the effective string connecting two color charges has
no width. The presence of the UV cutoff Λ means that the string has a non-zero width of the order
Λ−1. See the next section.
12It should be remarked that we have used the Abelian-like expression for the current Jµ for
defining the Wilson loop. To incorporate the full non-Abelian structure, we must use the non-
Abelian Stokes theorem which enables us to rewrite the line integral in the non-Abelian Wilson loop
into the surface integral over the surface whose boundary coincides with the Wilson loop. Such a
calculation was performed in the previous paper [26]. In this case, only the maximal torus subgroup
is responsible for the final result, even if we start from the Lorentz gauge. Thus we reproduce the
dual superconductor picture.
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introduced following the Zwanziger formulation [50] which allows the simultaneous
existence of electric and magnetic charge. Under the Abelian projection, only the
Abelian charges corresponding to the maximal torus group contribute to the string
tension. In the Lorentz gauge, however, all the components of color charges QA
contribute to the string tension. Thus the propagation of Bµν (B0i in this case) gives
rise to the linear potential. Incidentally, in order to know the potential VL(r) for
small r, we must use the UV asymptotic propagator of the form (3.30).
On the other hand, the original source term for the gluon field Aµ
∫
d4x
−1
2
JAµ [Kµν [φ0]δ
AB]−1JBν =
∫
d4x
−1
2
JAµ [−(1− ρ2)∂2 + φ0]−1JAµ ,
= −QAQA
∫
dt
∫
d3k
(2π)3
1
(1− ρ2)k2 + φ0
1
2
(1− eik·r)(1− e−ik·r), (5.16)
yields the Yukawa-type potential (with an enhance factor due to σ):
VY (r) = −(1− σ−2)−1Q
AQA
4π
e−Mr
r
, (5.17)
apart from an irrelevant constant. The Yukawa-type potential does not depend on
nµ and it is gauge-parameter independent due to the conservation law (5.7).
Here we comment the electric-magnetic dual picture of the Yang-Mills vacuum.
The dual transformation (or Fourier transformation) can be used to transform the
massive antisymmetric tensor field theory into another equivalent theory. It is well
known [51] that in D-dimensional space-time, a massless antisymmetric tensor field of
rank p (p-form) is dual to the (D−p−2)-form, while a massive antisymmetric tensor
field of rank p is dual to the (D − p− 1)-form. In fact, it is shown that the effective
theory retained up to the quadratic terms in the massive Kalb-Ramond [52] field Bµν
is dual to the massive vector field Uµ theory described by the dual Ginzburg-Landau
(DGL) theory in the London limit. See [25, 26, 53] for details. Therefore, the quite
similar situation to the dual superconductivity is realized in the Yang-Mills vacuum in
the 1/Nc expansion and the the London limit corresponds to in the leading order of the
expansion. To go beyond the London limit, it it necessary [25,26] to incorporate the
quartic term in Bµν which appears in the next-to-leading order of the 1/Nc expansion.
6 String representation
In the derivation of static potential in the previous section, we adopted a specific
configuration for the color charges and introduced a constant vector nµ. These short-
coming are avoided and we can derive more general result by means of the string
representation of Yang-Mills theory as will be shown in what follows.
The trajectory C of the charge QA is parameterized by a parameter τ . Hence the
current Jµ is written as
JAµ (x) = Q
A
∫
C
dyµ(τ)δ
4(x− y(τ)) =
∫
C
dτ
dyµ(τ)
dτ
δ4(x− y(τ)). (6.1)
Let the trajectory be a loop C and let Σ be the surface whose boundary is C, i.e.,
∂Σ = C. The surface Σ is parameterized by two parameters τ, σ. Then it is shown
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that the vorticity tensor current defined by
ΘAµν(x) :=Q
A
∫ ∫
Σ
d2Sµν(y(τ, σ))δ
4(x− y(τ, σ))
=
∫ ∫
Σ
dτdσ
∂(yµ, yν)
∂(τ, σ)
δ4(x− y(τ, σ)), (6.2)
satisfies the relationship
∂νΘAµν(x) = J
A
µ (x). (6.3)
The ΘAµν(x) has its support on the two-dimensional surface Σ, while the J
A
µ (x) has
the support on the loop C in the four-dimensional target space xµ. As in the previous
section, we have the correspondence
JAµν(x) = iρ
−1 ∗ΘAµν(x). (6.4)
The contribution of the vorticity current is estimated as∫
DBµν exp
{
−
∫
d4x
[
1
2
∗BµνA(DABBµν ,Bαβ)
−1∗BαβB +
1
2
BAµνJ
µνA
]}
=
∫
DBµν exp
{
−
∫
d4x
[
1
2
BµνA(DABBµν ,Bαβ)
−1BαβB +
iρ−1
2
Bµν
∗ΘAµν
]}
= exp
{
−
∫
d4x
∫
d4x′
1
8ρ2
ΘAµν(x)D
AB
Bµν ,Bαβ
(x, x′)ΘBαβ(x
′)
}
= exp
{
−Q
2
8ρ2
∫
Σ
d2Sµν(x(σ))
∫
Σ
d2Sαβ(x
′(σ′))DBµν ,Bαβ(x(σ), x
′(σ′))
}
. (6.5)
The action in (6.5) describes the interaction between two surface-elements dSµν
and dSαβ in the surface Σ spanned by the loop C. This expression (6.5) is the
same as the non-local action for the vorticity tensor current, from which the string
representation of the Wilson loop average in Yang-Mills theory was derived in [25,26]
by using the method [27]. We can show
(6.5) = exp(−Scs[x]),
Scs =σst
∫
Σ
d2σ
√
g + α−10
∫
Σ
d2σ
√
ggab∂atµν∂btµν + κt
∫
Σ
d2σ
√
gR + · · · , (6.6a)
where
σst =σ
4
[
1− gˆ
2
8π2
σ6
(σ2 − 1)f1
]−1
QAQA
8π
φ0 ln
(
1 +
Λ2
m2
)
, (6.6b)
α−10 =−
π
2
Q2(1− σ−2)2 < 0, (6.6c)
κt =
π
3
Q2(1− σ−2)2 > 0. (6.6d)
In the action (6.6a), the first term is the Nambu-Goto action, the second term is
the rigidity term, and the third term is the intrinsic curvature term. See [25, 26]
for the details of the calculation. The string theory just derived is nothing but the
rigid string with a negative rigidity term proposed by Polyakov [28]. Thus we have
shown that the vacuum condensate of mass dimension two gives a contribution to the
non-vanishing string tension σst in the linear potential already in the leading order of
1/Nc expansion.
26
7 Conclusion and discussion
We have proposed an equivalent formulation of the Yang-Mills theory in which all
the gluon self-interactions are absent. In other words, the gluon fields are at most
quadratic in the new formulation and all the gluon fields can be integrated out exactly
in the SU(Nc) Yang-Mills theory to obtain an equivalent formulation at the cost of
introducing various auxiliary fields, i.e., an antisymmetric tensor BAµν , two symmetric
tensors Gµν , V
A
µν , four Lorentz scalars φ, ϕ
A, φFP , ϕ
A
FP . Hence the resulting theory is
written in terms of the seven auxiliary fields and the ghost C and antighost fields
C¯ . Two of the auxiliary fields φFP , ϕ
A
FP are necessary only when the four-ghost
interaction exists.
Then we have set up a new 1/Nc expansion on a non-trivial vacuum in which
we have shown that one of the scalar field φ can acquire a non-vanishing vacuum
expectation value 〈φ〉 ≡ φ0 6= 0. This corresponds to the on-shell BRST-invariant
vacuum condensate of mass dimension two [10, 11, 12] which reduces in the Landau
gauge λ = 0 to the gluon pair condensation 〈A 2µ 〉 6= 0. Once such type of Bose-
Einstein condensation occurs, all the gluons acquire a common effective mass M .
This behavior of the gluon propagator is consistent with the recent results of the
Schwinger-Dyson equation [54] and the axiomatic approach [55].
In the condensed vacuum, all the auxiliary fields acquire their kinetic term and
consequently become dynamical fields. We have given the Feynman rules of the 1/Nc
expansion which give the propagators of gluon fields, auxiliary fields and (anti)ghost
fields, and the interaction vertices among the gluon and other fields. The resulting
theory is expected to be renormalizable in the scheme of the 1/Nc expansion just
obtained. However, the detailed analyses of the renormalizability will be postponed
to a subsequent paper.
The effective gluon mass has been estimated in the leading order by assuming that
the vacuum energy is saturated by the vacuum condensate φ0 alone. The obtained
value is larger than the expected value due to numerical simulations on a lattice. This
might suggest that we must go beyond the leading order or take into account other
vacuum condensates. However, the result does not contradict with the experimental
upper bound [43]. Moreover, the renormalization of the composite operator A 2µ in
the given 1/Nc expansion is to be investigated in future works.
As a by-product, the mass of the lightest scalar glueball mass to the gluon mass
is obtained by performing the partial summation of the leading order diagrams of the
1/Nc expansion: M(0
++)/M =
√
6 ∼= 2.45 independently of the parameter σ. This
value agrees with that of the potential model by Cornwall and Soni [39,40]. In order
to reproduce the expected mass of the glueball 0++, i.e.,M(0++) = 1.5 ∼ 1.7GeV, the
gluon must acquire the mass M = 600 ∼ 700MeV in agreement with the numerical
simulation on a lattice [41]. It is desirable to calculate the complete glueball spectrum
in the future work.
The static quark potential calculated in the same approximation is expressed
as a combination of the Yukawa type potential and the linear potential. The non-
vanishing string tension is provided by the vacuum condensate of mass dimension
two proposed by [10]. It is argued that the mixed gluon-ghost condensate as the
VEV of the on-shell BRST invariant composite operator of mass dimension two [10]
means the transverse gluon pair condensation of mass dimension 2, which is gauge-
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invariant but nonlocal [12]. In the Maximal Abelian gauge, these results are consistent
with the dual superconductor picture of QCD vacuum examined through the string
representation [25, 26].
The obtained string tension σst depends on the parameter σ, just as the gluon
mass M does. This result should be compared with the other large N results, e.g.,
the N = ∞ extrapolation of the SU(2) and SU(3) simulation results on the lat-
tice [56]: M(0++)/
√
σst ∼= 3.56 ± 0.18, · · · , or the light-front Hamiltonian approach
of the transverse lattice gauge theory [57]: M(0++)/
√
σst ∼= 3.3 ± 0.2, · · · . In the
phenomenological applications, the parameter σ and Λ (in the string tension) can be
adjusted to reproduce the gluon mass M = 600 ∼ 700MeV and the string tension√
σst = 450MeV. By adopting these values as inputs, one can calculate the complete
glueball spectrum and other physical quantities.
It is also interesting to study the fate of the pair condensation in relation with
deconfinement, if the sufficient number Nf of quark flavors are incorporated into the
theory. It is interesting to confirm whether or not the pair condensation disappears
above a critical number of quark flavors [5]. Some phenomenological consequences
due to the vacuum condensate of mass dimension two were discussed also in the
papers [58].
Note added: After having submitted this paper to e-Print archive, the author
was informed that some similar results were previously obtained on the relation among
the condensate of dimension 2, the gluon condensate and the mass of the dual gluon,
which is related to the glueball [61] (but just inside two models, i.e., stochastic vac-
uum model [59] and dual long-distance QCD [60], and not with a complete theory
derivation as this paper). The author would like to thank Nora Brambilla for sending
this information.
A Cancellation of divergence and renormalization
First, we focus on the divergence in
1
3(σ2 − 1)gˆ2φ0 +
1
2
tr(K −1µν [φ0]). (A.1)
The dimensional regularization yields
∫
dDk
(2π)D
1
[k2 + Φ0]α
=
Γ(α− D
2
)
(4π)D/2Γ(α)
(Φ0)
−α+D
2 =
Γ(ǫ− 2 + α)
(4π)2−α−ǫ
(Φ0)
2−α−ǫ, (A.2)
where ǫ := 2−D/2. Defining Φ0 := φ0/(1− ρ2) and λ˜ := (1− ρ2)λ, we have
(1− ρ2)tr(K −1µν [φ0])
=
∫
dDk
(2π)D
[
D − 1
k2 + Φ0
+
λ˜
k2 + λ˜Φ0
]
=
Γ(ǫ− 1)
(4π)2−ǫ
Φ0[D − 1 + λ˜2−ǫ](Φ0)−ǫ
=
Φ0
(4π)2
[−ǫ¯−1(D − 1 + λ˜2) + (D − 1 + λ˜2)(lnΦ0 − 1) + λ˜2 ln λ˜+O(ǫ)], (A.3)
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where we have defined ǫ¯−1 := ǫ−1− γ + ln(4π) and used the Laurent expansion of the
Gamma function Γ(ǫ− 1) = −ǫ−1 + γ − 1 +O(ǫ). Then we obtain
1
2
tr(K −1µν [φ0]) =(1− ρ2)−2
φ0
2(4π)2
[
− D − 1 + λ˜
2
ǫ¯
+ (D − 1 + λ˜2)
(
ln
φ0
1− ρ2 − 1
)
+ λ˜2 ln λ˜+O(ǫ)
]
. (A.4)
Therefore, the logarithmic divergence of the second term should be absorbed into the
first term,
divergent part of
1
3(σ2 − 1)gˆ2φ0 − (1− ρ
2)−2
φ0
2(4π)2
D − 1 + λ˜2
ǫ¯
= 0. (A.5)
Next, in order to calculate the divergent part in the second term of
1
3(σ2 − 1)gˆ2 −
1
2
∫
dDp
(2π)D
K −1µν [p;φ0]K
−1
νµ [p+ k;φ0], (A.6)
we put k = 0. Then, using the integration formula (A.2), the second term reads
(1− ρ2)2tr(K −1µν [φ0]K −1µν [φ0])
=
∫
dDk
(2π)D
[
D − 1
(k2 + Φ0)2
+
λ˜
(k2 + λ˜Φ0)2
]
=
Γ(ǫ)
(4π)2−ǫ
(Φ0)
−ǫ[D − 1 + λ˜2−ǫ]
=
1
(4π)2
[ǫ¯−1(D − 1 + λ˜2)− (D − 1 + λ˜2) lnΦ0 − λ˜2 ln λ˜+O(ǫ)], (A.7)
where we have used Γ(ǫ) = ǫ−1 − γ + O(ǫ). Therefore, the logarithmic divergence of
the second term is cancelled with that of the first term 1
3(σ2−1)
,
divergent part of
1
3(σ2 − 1)gˆ2 − (1− σ
−2)−2
1
2(4π)2
D − 1 + λ˜2
ǫ¯
= 0, (A.8)
provided that the relation (A.5) is satisfied. Therefore, the auxiliary field propagator
Dφ˜φ˜(k
2) has the well-defined finite UV expression.
In order to absorb the divergent part in the relation (A.5), we perform the renor-
malization. We introduce the renormalization factor Zσ by σ = ZσσR to absorb the
divergence in such a way that
divergent part of
1
3(Z2σσ
2
R − 1)
=
Z4σσ
4
R
(Z2σσ
2
R − 1)2
gˆ2
2(4π)2
D − 1 + λ˜2
ǫ¯
. (A.9)
Taking into account Zσ = 1 + Z
(1)
σ + · · · and
1
3(Z2σσ
2
R − 1)
=
1
3(σ2R − 1)
− Z(1)σ
2σ2R
3(σ2R − 1)2
+ · · · , (A.10)
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the renormalization factor is determined as
Z(1)σ = −
3
4
µ−2ǫgˆ2
(4π)2
σ2R
D − 1 + λ˜2
ǫ¯
, (A.11)
where we have introduced the renormalization scale µ to render the coupling constant
dimensionless for arbitrary D. The RG function is calculated as
γσ :=
1
2
µ
∂σR
∂µ
= −1
2
σR
∂ lnZσ
∂ lnµ
∼= −1
2
σR
∂Z(1)σ
∂ lnµ
= −3
4
gˆ2
(4π)2
σ3R(D − 1 + λ˜2) < 0.
(A.12)
This implies that σR increases as µ decreases. This tendency is favorable to our choice
σ2R > 1. The explicit solution σR of this equation for D = 4 and λ˜ = 0 is given as
σR(µ) = σR(µ0)
[
1 + σR(µ0)
27
22
gˆ2 ln
lnµ/Λ
lnµ0/Λ
]−1
∼= 22
27
gˆ−2
[
ln
lnµ/Λ
lnµ0/Λ
]−1
, (A.13)
by making use of the one-loop expression of the running coupling constant [11]. This
equation is valid when Λ ≪ µ < µ0, i.e., for small ’t Hooft coupling gˆ2. Note that
the Nc dependence enters in this expression through the ’t Hooft coupling gˆ
2.
At a certain value of µ, say, µ0, we can choose an arbitrary value of σR, say,
σ0 := σR(µ0). Then the value of σR(µ) at another point µ is calculated according to
the RG equation. Here the initial value ρR(µ0) of ρR(µ) at µ = µ0 must be tuned so
that ρR(µ) = σ
−1
R (µ) at the desired value of µ, since the gluon self-interactions are
eliminated only when this relation is satisfied. In the 1/Nc expansion, the magnitude
of ’t Hooft coupling gˆ2 can not be specified, although it is expected to be small in our
treatment.
B Calculation of loop integrals
The dimensional regularization in the modified minimal subtraction scheme (MS)
(ǫ¯−1 := 2/(4 − D) − γE + ln 4π) leads to the following results in the Euclidean for-
mulation. In following equations, k2 denotes the Euclidean momentum squared. The
corresponding expression in the Minkowski region is obtained by k2 → −k2 below the
threshold k2 < 4M2. It is possible to obtain the full expression for arbitrary λ. But it
is quite complicated and long. Hence we write down two special but important cases
explicitly.
(1) In the Landau gauge λ = 0:
ΠABµν,αβ(k) =δ
AB g
2Nc
16π2
σ2
(1− ρ2)2

Iµν,αβ

ǫ−1 1
2
− 17
18
+
1
2
ln
M2
µ2
− 5
18
k2
M2
+
1
2
M2
k2
+
1
6
(k2 − 2M2)
k2
√
1 +
4M2
k2
ln
√
1 + 4M
2
k2
+ 1√
1 + 4M
2
k2
− 1
+
1
6
(k2 +M2)3
k4M2
ln
(
1 +
k2
M2
)+ 1
2
(I − P )µν,αβ [...]

, (B.1)
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where M2 := φ0/(1− ρ2) and we have introduced
Pµν,αβ :=
1
2
(P TµαP
T
νβ − P TµβP Tνα), P Tµν := δµν −
kµkν
k2
. (B.2)
In the large momentum k2 region, on the other hand, the propagator reads
ΠABµν,αβ(k) = δ
AB g
2Nc
16π2
σ2
(1− ρ2)2 Iµν,αβ
[
ǫ−1
1
2
+
k2
M2
(
1
6
ln
k2
M2
− 5
18
)
− 7
9
+
1
2
ln
M2
µ2
+
2
3
ln
k2
M2
+O(1/k2)
]
. (B.3)
Here we have used the following properties of the projection operator Iµν,αβ:
Iµν,αβ =− Iνµ,αβ = Iαβ,µν = −Iµν,βα, (B.4a)
Iµν,ρσIρσ,αβ =Iµν,αβ , (B.4b)
kρ1Iµν,ρ1σk
ρ2Iαβ,ρ2σ =
1
4
(kµkαδνβ − kµkβδνα − kνkαδµβ + kνkβδµα)
=
1
2
k2(I − P )µν,αβ, (B.4c)
Iµν,αβB
αβ =Bµν , B
µνIµν,αβ = Bαβ , (B.4d)
for an arbitrary antisymmetric tensor Bµν .
(2) In the Feynman gauge λ = 1:
ΠABµν,αβ(k) =δ
AB g
2Nc
16π2
σ2
(1− ρ2)2

Iµν,αβ

ǫ−1 − 10
9
+ ln
M2
µ2
− 5
18
k2
M2
+
2
3
M2
k2
+
1
12
(2k2 −M2)
M2
(
1 +
4M2
k2
)3/2
ln
√
1 + 4M
2
k2
+ 1√
1 + 4M
2
k2
− 1


+
1
2
(I − P )µν,αβ [...]

, (B.5)
In the large momentum k2 region, on the other hand, the propagator reads
ΠABµν,αβ(k) = δ
AB g
2Nc
16π2
σ2
(1− ρ2)2 Iµν,αβ
[
ǫ−1 +
k2
M2
(
1
6
ln
k2
M2
− 5
18
)
− 7
9
+ ln
M2
µ2
+
11
12
ln
k2
M2
+O(1/k2)
]
. (B.6)
For more details of the calculations, see [25].
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